Scattering characteristics of plane waves by a sectorial groove in a perfectly conducting plane are investigated. Both the transverse magnetic (TM) and transverse electric (TE) polarizations of the incident wave are considered. Judicious use of the region-matching technique provides a rigorous series solution to the problem. The analyzed region is separated into two sub-regions by choosing a semi-circular auxiliary boundary. The field in each sub-region is expanded as a summation of proper wave functions with unknown coefficients. Enforcing the matching of conditions on the auxiliary boundary and of boundary condition on the circular-arc surface of the groove leads to a linear set of equations and the unknown coefficients are then determined. Numerical results demonstrate the influence of central angles of the sectorial groove on echo width, far-field pattern and near-field distribution. The presented geometry is easily applicable to the design and fabrication of a grating structure for optical switches and tunable filters.
Introduction
In the last three decades, grating manufacture has become dramatically important in the field of information, communication and aerospace technology. Consequently, as the basic building block of grating geometries, a single groove cavity has naturally attracted considerable attention. Many researchers have investigated the topic of scattering from an open groove in a perfectly electric conducting (PEC) plane via various methods [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Anal-ogous problems have also been discussed in some textbooks (e.g. [12] ). In a few canonical cases, such as a semicircular trough [13] [14] [15] [16] [17] , a shallow circular gap [18, 19] and a semi-elliptic channel [20] , the series approach based on the boundary value solution has been the commonly adopted technique. However, in most cases, even with simple geometry, the explicit analytical solutions are precluded. Under such a situation, if the series solution can be constructed, it may be an alternative choice for the validation of numerical methods. Very recently, with emerging demands and challenges for the design optimization of nano-and micro-optical devices, the research interest in the simulation of scattered near-and far-field from finite grating (e.g. [21, 22] ) is increasing. This implies that the finite grating structure will, no doubt, play a key role in driving the development of microelectromechanical systems (MEMS) optical switches in the coming future. To the authors' knowledge, the case of a sector-backed slot has been considered in [23, 24] . But, the case of a sectorial groove, albeit a simple one, has been rarely mentioned in the literature up to now. Thus, in the present paper, the authors aim to explore the scattering characteristics in the far-and near-field for a sectorial groove in a perfectly conducting plane under plane-wave incidence. Both the cases of TM-and TE-polarized incident waves are discussed. The corresponding series solution, which is not available in previously published studies, is also derived by means of the region-matching technique. Besides, the derivation for a degenerated case, the case of a flat PEC plane only, is made. The motivation to choose the 'sectorial' shape is because, from the practical point of view, such geometry is quite easy to design and fabricate. Furthermore, from the theoretical point of view, the proposed formulation is easily extendable to the case of multiple finite grooves. These benefits allow flexibility in the selection of a suitable grating structure and open a new opportunity for optical switching and multiplexing/demultiplexing applications.
Theoretical formulation
The geometry of the 2-D scattering problem is shown in Figure 1 . An infinitely long, sectorial groove with radius and central angle β is buried in a PEC plane. The center of the groove is taken as the origin of the Cartesian and the polar coordinate systems. The central angle β of the groove ranges from 0°to 180°. The TM-or TEpolarized plane waves of unit amplitude, which impinge upon the groove at an angle α with respect to the positive -axis, are considered. The time-harmonic factor exp( ω ) is assumed and suppressed throughout this paper. As seen in Fig. 1 , by introducing a semi-circular auxil- iary boundary S , the analyzed region is decomposed into two sub-regions, a semi-unbounded outer region (I) and a bounded inner region (II). The electric permittivity and magnetic permeability are denoted by and µ, respectively, and the subscripts 0 and 1 refer to regions (I) and (II), respectively. The medium in region (I) is taken to be free space and its wave number is 0 = ω √ 0 µ 0 . Region (II) can be fully filled with a conventional dielectric, a lefthanded material, a lossless or lossy material in principle, and its wave number is 1 
Herein, the filling medium in region (II) is assumed to be the same as that in region (I), i.e., 1 = 0 = . In a similar way, the proposed method can be easily extended to the case of 1 = 0 . In the following derivation, TM and TE polarizations will be treated separately.
TM case
In each sub-region, the field component is required to satisfy the scalar Helmholtz wave equation, namely
where ∇ 2 is the polar Laplacian operator. E (I) and E (II) denote the total electric field in regions (I) and (II), respectively. In region (I), the incident and specularly reflected fields are expanded in terms of wave functions as follows [14] :
where is the free-space wave number, δ 0 is the Kronecker delta function. J (·) denotes the -th order Bessel function of the first kind. The scattered field due to the existence of the groove can be expressed as
where A E is the unknown coefficient and H (2) (·) denotes the -th order Hankel function of the second kind. Note that this field automatically satisfies the boundary condition on the flat PEC plane and the Sommerfeld radiation condition at infinity.
Adding the incident, reflected and scattered wave fields together, the total electric field in region (1) can be written as
Notice that the first term on the right-hand side is recognized as the total unperturbed field produced in the absence of the groove and it also automatically satisfies the boundary condition on the flat PEC plane. Likewise, in region (2), the total electric field, satisfying the Helmholtz equation and boundary conditions of vanishing tangential electric field on the flat plane and straight groove surface, can be expressed as
where ν = π/(π + β) and B E is the unknown coefficient. On the auxiliary boundary S , two matching conditions, which assure the continuity of tangential electric and magnetic fields, are given by
where the tangential magnetic field H ( ) φ is derived from Maxwell's equations as
Then, applying the orthogonal properties of sine functions to the continuity condition of tangential magnetic field (equation (8)) and integrating over the range [0 π], the following relationship for the unknown coefficients between region (1) and (2) are obtained.
where the prime notation means differentiation with respect to the argument and the function I S is given by
Again, utilizing the orthogonality of sine functions to the continuity of tangential electric field (equation (7)), integrating over the range [−β π] and eliminating the coefficient A results in the following infinite systems of equations,
H (2) ( ) H (2) ( )
After truncating the infinite series properly, the unknown coefficient B E may be solved by standard matrix techniques. Once the unknown coefficients B E are obtained, the expansion coefficient A E can be evaluated by means of equation (10) in a straightforward way. In the above formulation, a degenerated case can be obtained, that is, the case of a flat PEC plane only. This condition occurs when the central angle β of the groove equals to zero (implying the sectorial groove does not exist anymore). In this manner, the unknown coefficients are derived as follows:
From equation (13), one can find that the coefficient A E vanishes. This means the scattered field disappears, and in consequence, only the resultant field arising from the summation of incident and specularly reflected fields exists above the flat PEC plane. In scattering analysis, the backscattering echo width σ E is a convenient quantity of great interest. Its definition is given below
Using the asymptotic expansion of the second kind Hankel function for a large argument, the backscattering echo width can be calculated. The far-field radiation pattern P E (φ), corresponding to the far-scattered electric field, can be expressed as follows
TE case
For TE polarization, the solution procedure is repeated in a similar way as the previous TM case. The total magnetic field in regions (I) and (II) can be expressed as follows: 
where the tangential electric field E ( ) φ is derived from Maxwell's equations as
Imposing two continuity conditions on the auxiliary boundary S (equations (19) and (20)) and boundary condition of the vanishing tangential magnetic field on the circular-arc surface S , the following relationship and infinite systems of equations are obtained. (2) ( )
where the function I C is given by 
Once again, as expected, the scattered field completely vanishes. Finally, the definition of backscattering echo width σ H is given below
The far-field radiation pattern P H (φ) is expressed as follows
Results and discussion
As examples of the computation of the expressions derived in section 2, several sets of results for scattered field magnitude, backscattering width and near-field distribution are presented. Convergence tests are carried out to determine the truncation limit of the infinite series in equations (12) and (23) (i.e., the summation indexes and are truncated to a finite number N). They include a sequence of plots for the backscattering width against , calculated from N = 10 to 100 with the interval of 10. Convergence is achieved as several curves with different N completely coincide with each other on the same figure. Generally speaking, more terms are required as the value of or β increases. When is up to 30, the numerical experiments point out that N = 60 for TM case and N = 80 for TE case are adequate. These also show that the minimum truncated value N is greater than the argument of the Bessel function.
The first set of results for both E-and H-polarized incident plane waves, shown in Figure 2 (a and b, respectively) , is the magnitude of far-field radiation patterns against for β = 45°, 90°and 135°at normal incidence (α = 90°). The scattering angle φ is 90°. One can find that the oscillatory period of the curve becomes shorter with increasing the central angle β of the groove. The crests and troughs of the curve are due to the constructive and destructive interferences, respectively.
To demonstrate the effect of different β of the groove on the angular behavior of the backscattering width, the graph 
with
= 4π is given in Figure 3 . As in these cases, fast changes in the echo width can be noticed at some incident angles. Figure 4 illustrates the backscattering width against for three values of β of the groove at oblique incidence (α = 45°). In the case of β = 45°, the trend of the curve displays a monotonic increase with increasing values of , whereas in other cases the variation of echo width is sensitive. This may indicate that the interaction between the incident and re-radiated waves inside the groove with relatively larger β is very complicated.
Next, three groups of results for the changes in the angular distribution of scattered field magnitudes with respect to the incident angle α at = 4π are reported in Figures 5, 6 and 7. The first group corresponds to the case of β = 45°, while the second and third groups correspond to that of β = 90°and 135°, respectively. For normally incident (α = 90°) cases in these six plots, the major lobes occur in the vicinity of the back-scattered direction. The radiation patterns for obliquely incident cases in Figure 6a become more and more concentrated in the forward direction, while those in Figure 7a are spread in three directions. In Figures 5b and 6b , the maximum of the lobe takes place in the direction near the specular reflection. In Figure 7b , the lobe magnitude is significantly reduced as compared with other cases. This may be because that certain radiation energy is trapped inside the groove.
The following three groups of figures show the near-field distribution around a sectorial groove with β = 45°for = 4π at different incident angles. Figure 8 is the case of normal incidence (α = 90°), while Figures 9 and 10 are the cases of oblique incidence (α = 45°and 135°, respectively). As can be seen from these six plots, the boundary conditions on the conducting surface are completely satisfied. The major difference between the TM and TE polarizations is the occurrence of local maximum, i.e., there are no local maxima on the groove surface for the TM case. For obliquely incident cases in Figures 9 and 10, the enhanced wave patterns, mostly occurring in the backward quadrant, are produced as the result of the constructive interference between the incident, reflected and scattered waves. 
Conclusion
The scattering problem of a sectorial groove embedded in a perfectly conducting plane has been addressed. By applying the region-matching technique properly, a rigorous series solution was derived for both TM and TE plane-wave polarizations. In the case of a flat PEC plane only, the derived solution was reduced to the degenerated one. The influences of the central angle of the groove on far-and near-field scattering characteristics, such as echo width, radiation pattern and local tangential field distribution, were discussed. The proposed series solution not only broadens the database of series solutions, but also provides an additional choice of geometric shapes for the validation of numerical methods. In addition, from the theoretical point of view, the presented model can be easily extended to a finite grating structure, which may be composed of multiple identical or non-identical grooves. Considering the impact on the practical application, this extendable feature opens a new opportunity for nano-and micro-optical devices such as wavelength selecting, tuning, routing, switching and filtering elements.
Note added in proofs
We have checked the proposed results by the boundary element method. Both methods give roughly the same results. It seems that no instability occurs in our simulation for ≤ 30. However, we cannot guarantee that no instability will occur for other situations or simulation environments. By using a suitable Graf's addition formula for Bessel and Hankel functions, the proposed method can be easily extended to finite sectorial grooves.
